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A  BAYESIAN  INTERPRETATION  OF 
DATA  TRIMMING  TO  REMOVE  EXCESS  CLAIMS 


William  S.  Jewell 

University  of  California,  Berkeley 
<9b  ETH-ZUrich 


Abstract 

The  effect  of  excess  or  catastrophic  claims 
is  well  recognized  in  insurance.  For  example, 
in  experience  rating  it  is  customary  to  truncate 
the  data  to  minimize  the  effect  of  such  outliers; 
Olsler  has  recently  proposed  a  credibility  formula 
using  such  data  trimming.  This  paper  develops  a 
model  of  the  excess  claims  process  and  finds  the 
exact  Bayesian  forecast.  The  resulting  forecast 
form  is  approximately  a  data  trim,  thus  justifying 
the  simpler,  heuristic  approach. 


Zurich,  March,  1981 


1.  Introduction 

The  effect  of  excess  or  catastrophic  claims  is  well 
recognised  in  insurance.  Typically,  one  wishes  not  only  to 
analyse  them  in  detail  to  determine  and,  if  possible, 
correct  their  causes,  but  also  to  modify  the  data  so  as  to 
minimise  their  effect  upon  normal  operating  procedures  of 
the  firm. 

For  example,  in  experience  rating,  data  x  *  (xlfx2,...xn 
collected  from  a  policyholder's  experience  in  years  l,2,...n 
is  used  to  modify  his  premium  for  year  n+1.  If  y  =  xn+l 
is  the  random  variable  denoting  next  year's  total  paid 
claims,  the  fair  premium  will  be  just  the  regression  of  y 
on  the  data  5,  or  £(yli).  In  credibility  theoxy,  it  is 
assumed  that  this  forecast  is  linear  in  the  data,  giving 
the  well-known  formula: 

(1.1)  £(yli)  3  *(£)  =  U-Zn)m  ♦  2n(jExt)  • 


Here  m  is  the  "manual"  (fair,  no-data)  premium,  and 
ZQ  -  n/ (n+N)  is  the  credibility  factor  with  time  constant 
N  determined  empirically  or  from  a  Bayesian  model  (see, 
e.g. ,  Norberg(1979)  for  further  details). 

The  effect  of  an  excess  claim  upon  experience  rating 
is  obvious  from  (1.1) .  What  one  would  like  to  do  is  to 
detect  and  remove  this  claim  from  the  data,  and  spread 
all  or  a  portion  of  the  excess  amount  over  all  the  policy¬ 
holders,  perhaps  by  charging  it  against  a  special  reserve. 
However,  in  many  situations  it  is  not  possible  or  economical 
to  use  qualitative  information  about  the  claim  to  decide 
if  it  is  of  ordinary  or  excess  type,  and  one  must  use  a 
numerical  procedure  to  "cleanse"  the  data  before  using  (1.1). 
Based  upon  heuristic  methods  used  in  industry,  A.  Oisler 
(1980)  proposed  to  replace  (1.1)  by: 
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(1.2)  f(i)  -  a  *  b^J>in(xt,M)J  , 

where  the  parameters  (a,b,M)  are  adjusted  so  as  to 
minimize  the  mean-squared  error  in  the  forecast;  the 
result  could  be  called  a  data-trimmed  credibility  formula. 

2.  A  Bayesian  Model  for  Outliers 

We  now  develop  a  model  which  describes  how  excess 
claims  arise,  and  then  find  the  exact  Bayesian  prediction 
formula.  By  comparing  this  with  Gisler's  form  (1.2),  we 
will  be  able  to  provide  additional  motivation  for  the 
trimming  procedure. 

First  of  all,  we  asstime  that  an  ordinary  claim 
random  variable,  xQ,  has  a  known  density,  pQ (xQ|  •) , 
depending  upon  an  unknown  parameter  •  which  characterizes 
the  different  policyholders  and  their  exposure  characteristics. 
The  first  tvo  moments  of  this  random  variable  are: 

(2.1)  mQ(e)  *  €(xol  •)  ;  vQ(e)  -V(x0|e)  . 

In  the  usual  experience  rating  model,  we  are  given  several 
Independent  observations  of  the  xQ  type  from  a  policy 
with  fixed,  but  unknown,  e,  and  we  wish  to  estimate  the 
mean  of  the  next  observation  from  the  same  policy.  This 
is  equivalent  to  estimating  m0(e),  given  a  prior  density 
on  e,  and  the  data  j  .  If  it  is  known  that  all  data  is 
of  ordinary  type,  then  in  many  cases  the  credibility  forecast 

(1.1)  is  exact,  or  a  good  approximation. 

Now,  however,  suppose  that  it  is  occasionally  possible 
that  we  observe  instead  an  excess  claim  random  variable, 
x  ,  with  density  p  (x.)  not  depending  upon  e  (although 
this  can  be  easily  generalized,  if  desired).  This  excess 


claim  is  considered  to  be  the  result  of  some  extraordinary 
cause,  so  that  the  density  p  will  have  large  mean  and 
variance  compared  with  every  density  pQ.  We  also  assume 
that  there  is  no  qualitative  way  in  which  one  can  identify 
an  excess  claim  as  such;  thus,  the  densities  should  have 
overlapping  ranges,  otherwise,  there  would  be  no  difficulty 
in  separating  excess  claims  based  upon  their  magnitude. 

We  continue  to  let  £  =  (x^,x2, . . .xn)  represent  the 
observational  data,  assumed  independent,  given  e.  But 
the  observation  random  variable,  x^,  (t=l,2, . . .n) ,  is 
now  sometimes  an  ordinary,  sometimes  an  excess  random 
variable,  and  we  assume  that  there  is  a  known  contamination 
probability, Tf ,  that  independently  selects  if  an  ordinary 
claim  is  replaced  by  an  excess  claim.  In  other  words,  we 
assume  that  the  individual  observations  follow  the  mixed 
density: 


(2.2)  p(xtie)  =  (l-tT)p0(xt|e)  +fTpe(xt)  , 
so  that  the  likelihood  of  £,  * 

(2.3)  P(il»)  *  Hp(*tl»)  » 

t=l 

consists  of  2n  terms.  Since  T T  is  small,  however,  only  the 
first  few  terms  will  generally  be  significant  (e.g.,  there 
are  usually  only  no,  one,  or  a  few  excess  claims  in  any 
small  sample ) . 

As  in  other  experience  rating  models,  we  assume  that 
we  are  given  a  prior  density,  p(e),  on  the  unknown  parameter, 
so  that  Bayes'  law  then  gives  a  posterior- to-data  density 
for  the  unknown  parameter  of: 

p(*ia)  p(e) 

pTiT  * 


(2.4) 


P(*li) 


•From  this  point  on,  we  are  using  the  usual  Bayesian 
trick  of  using  p(.)  for  several  different  densities,  and 
letting  the  variables  "speak  for  themselves". 


where  p(j)  is  the  integral  of  the  numerator  over  e.  Now, 
however,  we  must  remember  that  we  are  not  interested  in 
predicting  just  the  next  observation,  but  rather  in 
predicting  the  next  observation,  given  that  it  is  of  ordinary 
type:  this  random  variable,  call  it  yQ,  has  a  density  PQ(yol*) 
if  e  were  known.  It  follows  then  that,  given  the  data  £» 
we  fora  the  Bayesian  predictive  density  of  yQ  from  (2.4) 
as  follows: 

(2.5)  p(y0u)  “  Jpo(yo,0)  d0  * 

The  exact  Bayesian  mean  predictor  of  yQ  is  then  just  the 
first  moment: 

(2.6)  £(y0|x)  =  f(x)  =  JmQ(e)  P(»l£)  de 

To  better  understand  how  this  formula  depends  upon  the  data, 
we  need  to  develop  further  the  likelihood  (2.3). 

Single  Observation  Case 

First,  suppose  that  only  n=l  observation  has  been 
made.  Then  (2.3)  has  only  two  terms,  and  the  exact  forecast 
is: 

(3.1)  f(xx)  »  1  |(l-ir)Jm0(e)  pQ(x1|e)  p(e)  de 

de]  , 


*  ■  x 


w 


+TfP4,(xi)j,,a0^)  P<»> 


where 

(3.2)  p(xx)  »  (l-1T)p0(x1)  ♦'TTPeU1)  ;  p0(xx)  =  Jp0 (*1*  e)p(s)de 


The  second  integral  in  (3.1)  Is  just  the  a  priori  expected 


value  of  yQ  (the  manual  premium): 

(3.3)  b0  *  £»0(«)  *  £y0  » 

which  would  be  the  "forecast"  if  no  data  were  available. 

The  first  integral  in  (3.1)  is  more  interesting,  as 
it  is  related  to  the  Bayesian  prediction  in  which  it  is  known 
that  the  observation  is  of  ordinary  type.  In  contrast  to 
ffx^,  which  is  the  prediction  from  an  arbitrary  observation 
following  (2.2),  we  can  define  fQ (x^)  as  the  ordinary 
observation  prediction,  gotten  from  (2.6)  by  setting  1T=0: 

.  „  r  p  (z,i») 

(3.4)  fty^^  ordinary)  *  fg^)  *  J  a0^)“ — p  (x^) - d»  • 

This  could,  of  course,  follow  the  linear  credibility  law  (1.1). 
Finally,  we  rewrite  the  exact  forecast  as: 

(3.5)  f^)  >;^[<1*l0potxi)fo(xi)  +  ir*.(li)mo]  , 
which  can  be  rewritten  in  two  revealing  forms:  the  first. 


(3.6) 

fQ(x, )  +  *(x.,)m 
f(x .)  -  1 - LJ l 

1  1  +  ^(xx) 

with 

(3.7) 

^(X1)  -  li--nlpo(^) 

as  an  "odds-likelihood-ratio" ;  the  second  in  a  credibility 
fonoat: 


f(xx)  -  [l-Z(x1)]m0  +  Z(x1)fQ(x1) 


(3.8) 


t 
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with  a  new  data-dependent  credibility  factor: 


(3.9) 


2(xx) 


-i 


O^OpqUi) 

(i-ir)p0(x1)+Trpe(x1) 


Z(x^)  is  essentially  the  a  posteriori  probability  that  the 
observation  is  ordinary. 

In  the  usual  situation,  the  averaged  ordinary  density 
pQ(x^)  and  the  excess  density  pa(x^)  might  appear  as  in 
Figure  1,  giving  then  the  weighting  functions  ^(x^)  or 
Z(x^)  shown  in  Figure  2. 


4.  Comparison  w-Hih  T-r-imm-tng  in  the  Credibility  Case 

As  discussed  in  the  first  Section,  it  is  often  the 

case  that  f  (x)  is  linear  in  the  data  x,  i.e.  it  follows 
o 

(1.1) ,  with  m  replaced  by  mQ,  and  the  ordinary  (non-data- 
dependent)  credibility  factors  ZQ  replaced  by: 

(4.1)  Zon  a  n^  1  No  “  ym°(e)  * 

Thus,  in  the  one-dimensional  case,  fQ(x^)  in  (3.8)  would 
be  replaced  by: 


(4.2)  -  mQ  +  Zol(x1-mQ)  . 

This  means  that  the  exact  Bayesian  forecast  would  have 
the  interesting  shape  shown  in  Figure  3. 

This  shape  shows  us  that,  if  x^  is  small,  we  believe 
it  is  of  ordinary  type,  and  we  should  experience  rate 
according  to  the  linear  law  (4.2).  But  as  x^  increases 
beyond  mQ  into  the  region  where  the  odds-likelihood-ratio 
becomes  significant,  we  begin  to  hedge  our  bets  on  the 
fact  that  we  have  an  ordinary  observation,  and  to  reduce 
the  dependence  of  the  forecast  on  x^«  Finally,  for  x^ 
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very  large,  an  excess  observation  la  highly  credible,  and 
we  settle  for  the  "no-information"  manual  rating,  mQ. 

We  see  that  the  resulting  forecast  is  quite  similar 
to  that  obtained  by  ordinary  credibility  theory,  but 
trimming  the  data  and  replacing  x^  by  min(x^,M)  as  in  (1.2). 
Although  8 harp  trimming  will  not  have  the  "bump"  shown  in 
Figure  3,  the  effect  will  be  small  because  the  three 
parameters  (a,b,M)  in  (1.2)  can  be  adjusted  to  minimize 
the  mean-squared  error,  thus  giving  a  straight-line  portion 
to  the  forecast  which  is  slightly  different  than  (4.2). 

Another  point  in  favor  of  the  trimming  is  that  it 
might  be  difficult  to  implement  the  exact  predictive  form 
in  Figure  3  in  a  real  experience-rating  scheme;  it  would 
be  difficult  to  explain  a  plan  in  which  a  policy  with  a 
larger  claim  might  have  a  smaller  next  year's  premium  ! 

5.  A  Numerical  Example 

Figure  4  shows  a  numerical  example  in  which  normal 
densities  were  chosen  for  the  average  ordinary  and  excess 
densities;  the  means  and  standard  deviations  were: 

iq  s  ju.9  a  10  i  ^  »  5  )  »  50  ;  ^  =  20  . 

A  contamination  probability  IT  «  0.1  and  a  credibility 
factor  ZQ^  *  0.5  were  used,  so 

f0(xx)  -  10  +  0.5(x1-10)  . 

The  restating  exact  forecast  f(x^)  is  plotted  in  Figure 

4,  together  with  the  optimal  trimmed  fore cast, which  is 

approximately  _ 

f(xx)  »  10  +  0.44l[min(xlf14.7)  -  lOj 

Note  that  in  the  use  of  Oisler's  results,  one  must 
subtract from  his  forecast,  as  he  does  not  have  an 
explicit  model  for  the  generation  of  excess  claims,  and 
is  predicting  a  future  observation  of  either  type. 


nr, 


6.  General  Case 

From  the  proceeding,  it  should  be  clear  that  the 
optimal  predictor  for  an  arbitrary  number  of  observations  n 
consists  of  2n  terms  from  (2.2) (2.3),  corresponding  to  all 
the  different  ways  in  which  the  data  x»(x1,x2,...xn)  can  be 
partitioned  into  ordinary  or  excess  categories.  The  formulae 
are  greatly  simplified  in  the  general  case  if  we  use  set- 
theoretic  notation. 

let  71  »  fl,2,.,.n},  ^  be  any  subset  of  fl  (including  71 
and  the  empty  set  0),  §  =  71  and  J  =  li£f!  .  Use  also 
as  a  subscript  to  denote  an  arbitrary  subset  of  observables, 
so  that,  for  example,  xg  *  Then  the  probability 

that  this  subset  is  all  ordinary  is: 

(6.1)  PQ(xe)  a  fa.  P(*)  <*•  » 

*  JJ«} 


whereas  the  probability  that  it  is  all  excess  is: 


(6.2) 


P.<x>)  -  31  ».<«,> 


For  consistency  in  the  following  equations,  set  PQ(*0)  * 

Pe<*0)  3 

Next,  we  define  fQ(x|)  to  be  the  Bayesian  forecast 
of  an  ordinary  random  variable,  yQ,  using  only  the  data  x^  , 
assumed  to  be  all  of  ordinary  type.  This  might  be  the 
J-term  generalization  of  (4.2),  e.g.,  (2.1)  with  m  replaced 
by  mQ,  replaced  by  ZqJ,  and  of  course  using  only  the 
data  x^  .  For  consistency,  the  no-data  forecast  is 

W  *  v 

Then,  examination  of  the  expansion  of  (2.3)  shows 
that  the  forecast  consists  of  the  weighted  sum  of  2n 
forecasts: 


(6.3)  f(i>  -  £  Z.(x)  t Aij)  . 

9  8 

where  the  data-dependent  credibility  factors  are: 


(6.4)  2^(S)  =  K  (l-lljV4  PQ(x^)  pe(x^)  , 

and  S  is  adjusted  so  that  the  factors  sum  to  unity. 

The  sum  in  (6.3)  is  over  all  2n  subsets  of  It  .although, 
as  previously  stated,  it  is  unlikely  that  more  than  a  few 
excess  claims  would  be  present  with  IT  small.  This  suggests 
the  following  computational  strategy:  arrange  the  data 
in  deoreasing  magnitude,  *  *?xn’  take  £  successively 

to  be  0,  {l},  {l,2\,  ...etc., and  compute  the  corresponding 
credibility  factors  Z|  •  At  some  point  these  factors  will 
become  quite  small,  and  the  remaining  terms  in  (6.3)  can  be 
neglected.  One  can,  if  desired,  bound  the  neglected  terms. 
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7.  Continuing  Research 

The  results  presented  here  are  part  of  a  continuing 
research  effort,  joint  with  H.  BUhlmann  and  A.  Glsler. 
Current  effort  is  devoted  to  multi-dimensional  computations 
and  comparison  of  trimmed-data  forecasts  with  the  exact 
Bayesian  prediction.  Preliminary  results  indicate  that 
the  Gisler  approximation  continues  to  he  quite  good  in  the 
multi-dimensional  case.  These  and  other  results  will  be 
be  presented  in  an  expanded  version  of  this  paper  later 
this  year. 


References 

1.  A.  Gisler,  "Optimum  Trimming  of  Data  in  the  Credibility 
Model",  Bulletin  of  the  Society  of  Swiss  Actuaries. 
1980.  Heft  3,  313-325  (1980). 

2.  R.  Norberg,  "The  Credibility  Approach  to  Experience 

fl  M  lf4  AVI  A  A  a1  T  All  VWl  A  1  1  Va  A 


181-221  (1979) 


f 


FORSCHUNGSINSTITUT  FUER  MATHEMATIK  ETH  ZUERICH 


Exae.44  Claim*  and  Data  T dimming  in  the 
Context  oi  C\ edibility  Rating  Pnoeeduae* 


* 


by 

Han*  Buhtmann 
ETH  Zurich 


A Loi*  Giitex 

Winterthur-Versicherungen ,  Winterthur 
William  S.  Jewett 

Farechungsinstitut  fOr  Mathematik  ETH  Zurich 
and  University  of  California,  Berkeley 


November  19S1 


Excess  Cl* Ins  and  Data  Tr laming  in  the  Context  of  Credibility 
Rating  Procedures 

by  Bans  Btthlmann,  Alois  Gisler,  william  S.  jswell* 

1.  Motivation 

In  Ratemaking  and  in  Experience  Rating  on*  is  often  confronted 
with  the  dilesma  of  whether  or  not  to  fully  charge  very  large 
claims  to  the  claims  load  of  snail  risk  groups  or  of  individual 
risks.  Practitioners  typically  use  an  a  posteriori  argument  in 
this  situation:  "If  such  large  claims  should  be  fully  charged 
then  the  rates  obtained  would  become  ' ridiculous ' ,  hence  it 
should  not  be  done.”  The  present  paper  aims  at  explaining  this 
practical  attitude  from  first  principles. 

Credibility  Theory  in  its  standard  form  makes  the  first  step  in 
the  good  direction.  It  explains  to  us  that  all  claims  should  not 
be  fully  charged  (but  only  with  the  constant  fraction  of  the  cre¬ 
dibility  weight) .  In  many  applications,  however,  it  is  still  felt 
that  the  fraction  of  this  charge  should  depend  on  the  size  of  a 
claim.  This  leads  very  naturally  to  the  idea  of  combining  credi¬ 
bility  procedures  and  data  trimming. 

Of  course,  such  an  idea  needs  to  be  tested.  The  first  argument 
in  favour  of  it  was  given  by  Gisler  [1]  who  showed  that  in  many 
cases  the  mean  quadratic  loss  of  the  credibility  estimator  is 
substantially  reduced  if  on*  introduces  trimming  of  claims  data. 
This  paper  goes  even  further.  It  formalizes  the  standard  way  of 
thinking  about  large  claims  and  then  shows  that  "optimal  forecas¬ 
ting"  of  rates  (using  Bayes  estimation  techniques)  and  forecas¬ 
ting  by  "credibility  techniques  combined  with  data  trimming"  lead 
to  almost  identical  results. 

*  The  authors  are  greatly  indebted  to  R.  Schnieper  who  did  all 
the  numerical  work  on  the  STB  computer. 


2.  The  Basic  Modal 


Throughout  the  paper  we  work  with  the  most  simple  model  in  the 
credibility  context 

X  ■  (Xj_,  X2 , ...»  Xn)  is  the  random  vector  representing  the 

~~  A  experience  of  a  given  risk  in  the  years 

1#  2, . . . ,  n 

-  The  quality  of  the  risk  is  characterized  by  an  unknown  parame¬ 
ter  value  9,  which  we  consider  as  a  realisation  of  a  random 
variable  6  with  distribution  function  0(9) 

-  Given  the  parameter  value  9  ,  {X^,  X2,...,Xn}  are  i.i.d.  with 
density  function  f0 (x)  [mean  u(9),  variance  oz(e)] 

To  these  standard  assumption  in  credibility  theory  we  add  now 
some  more  structure  regarding  the  distribution  of  the  size  of  a 
claim.  The  main  idea  is  introduced  by  the  assumption  that  the 
claims  sizes  are  drawn  from  two  different  urns  (distributions) . 
Mostly,  i.e.  with  probability  1-ir,  we  observe  an  ordinary  claim 
with  density  Pa(*/g)  [«*an  u0(9),  variance  a* (e ) ]  and  occasio¬ 
nally,  i.e.  with  probability  ir,  we  observe  an  excess  claim  (catas¬ 
trophic  claim)  with  density  pe (x^g )  [mean  u# (9 ) ,  variance  (0)3  . 


“o  <X/9 1 

pe(x/0> 

ordinary 

excess 

claim  amounts 

claim  amounts 

occurrence  1-ir  ir 

He  have  assumed  that  the  mixing  probabilities  are  independent  of 
0  and  from  now  on  we  shall  also  suppose  that  the  density  of  the 
excess  claims  is  independent  of  the  risk  parameter,  hence  formali¬ 
zing  the  idea  that  large  catastrophic  claims  have  no  bearing  on 
the  quality  of  the  risk. 

In  mathematical  shorthand  all  the  considerations  just  made  regar¬ 
ding  additional  structure  are  summed  up  by  stating  that  the  density 


»**¥►=* 
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f Q (x)  has  ths  following  fora 
1)  f9(x)  «  (l-ir)pQ  (x^s)  +  irpe(x) 


3.  Ths  Basic  Problem 


As  always  In  the  credibility  context  our  ala  Is  to  estimate 


u(9)  based  on  the  observations  of  X  ■  (Xj_,  X2,---,Xn) 

pure  premium  for  experience  of  the 

the  given  risk  given  risk  in  the 

years  l,2,...,n 

One  knows  that  the  best  estimator  for  this  problem  is 


P[X]  -  E[u(9)/X  ] 

Using  the  special  structure  of  formula  1)  we  obtain 


2)  PtX] 


iru  +  (1-ir) 


E[u0<s)/2 


»<x> 


If  we  use  standard  credibility  techniques  we  estimate  by 

n 

3)  f(X]  ■  a  +  b  l  X.  with  optimal  choice  of  a,b 
1-1 


And  if  in  addition  we  Introduce  trimming  of  the  data  we  estimate  by 

n 

4)  f [ X ]  »  a  +  b  l  (X. am)  with  optimal  choice  of  a,b,M 

a  1 


Using  4)  we  are  committing  the  following  error  against  optimal 
estimation 


4 


j 

j 

i 


6)  inf  E  fp[Xj-  f[X]l  «  inf  E  i"iru  +  (l-ir)  g(X)  •  *  -  b  [  (X.AM)l 
a,b,M  i  ~  J  a,b,M  L  #  “  i-1  J 

fvu  h  n  ^  2 

— a — +g(X) - 1(X.aM)> 

1-n  l-»  i-1  J 

-  (I-*)1  inf  E  f g(X)  -  a'-  b*  £  (X.AM)]* 

af,b',M  l  i-1  J 

The  following  two  problems  are  therefore  equivalent 

n 

A)  Estimate  P[x]  (total  praaium)  by  a  +  b  l  (X./\M)  with  optimal  a,b,M 

1-1  1 
n 

B)  Estimate  g(X)  (ordinary  pres? um)  by  a'  +  b' J  (X.aM)  with  optimal  a'.b'.M 

1-1  1 


For  the  optimal  choice?  4t&  parameters  (denoted  by  we  have 
7)  a  -  (1-ir)  a'  + 

Z  -  (1-ir)  b' 

n 

In  the  following  we  want  to  Illustrate  that  a'+  S'  l  (X.aM)  Is  a 

1-1  1 

good  approximation  of  g(X)  -  E  [uQ(®)/x]  (Problem  B)  above) 

We  actually  shall  compare 

a'+  S'  l  (Xj/vM)  with  g(x)  for  any  observation  x  of  X 


4.  The  Exact  Form  of  g(x) 


Writing  out  the  conditional  expectation  E  fuQ  O )  /Xmxl  we  obtain 
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/“o(81filf(1-’",,o(,!V9>  *  •Vt’}. 
8)  g(x)  -  * - -kr-r — s - - - 

iI1{(1"ir)po(xi/e)  +  "WjfJ 


dU(0) 


du(0) 


Putting  I  ■  (1, 2, . . .n}  and  S«I  we  rewrite 


9)  *  i(l-ir)p  (xt  »o)+irPa(xtM  "  l  irI1"8  *  P0(xi/«)  ff-  pe(xi) 

i«ll  0/9  J  S«I  i€S  /9  i€S 


where  the  sum  on  the  right  side  must  be  taken  over  all  subsets 


S«I  (including  0  and  Z)  with  s  ■  |S| 

and  n  »  III 


We  also  use  the  abbreviations 


PoUs)  mJ^s  Po^i/e5  d0(9) 

p_(x_)  "  f  T  P-(xi)  dD(0)  -  ir  p  (x.) 
*  5  J  i€S  *  1  i€S  8  1 


/^n-s  P0<*s>Pe<xs>  p  .  .  .1 

(V  -  (pj  '  p0'(rIr  [W  -  "J 


E_ 


f“o“>/«s] 


hi 


>lls  pa<"W  *°<9> 


Po^S1 


Then  introducing  9)  into  8)  and  carrying  out  the  integration 
we  find  for  the  numerator  of  g(x) 


l  (l-ir)*  irn”S  it  p  (x . )  fu  (0)  it  Pn(Xi/  )  dU  (0 
at  i€S  *  J  °  ies 


Scl 

or 


i€S 


jJj'l-*)*  *n'*  po  (*s)p«txSJ  so  [V’Vxj 


'•  -a 
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and  for  the  denominator  of  g(x) 

I  (I-***  *“"*  P0(xS)pe(xS) 

ScZ 

Dividing  both  numerator  and  denominator  by  (l-ir)n  p^Xj)  we  ^na^“ 
ly  arrive  at 


Remarks: 

i)  Observe  that  g(x)  is  a  weighted  average  of  forecasts  based 
on  all  subsamples  xs  of  the  total  sample  ,  the  fore¬ 
casts  being  calculated  under  the  assumption  that  the  cubsample 
contains  only  claims  of  the  ordinary  type. 

ii)  As  is  usually  rather  small  the  weight  of  L(x  )  is  ra- 

* 

ther  quick  decreasing  with  decreasing  number  of  observations 
in  Xgj  for  a  fixed  number  of  observations  the  weight  L(xs) 
is  rather  big  if  both  po(xg)  and  p#(xg)  are  big  i.e.  if 
xs  and  x-  are  very  likely  to  come  from  the  ordinary  and 
the  excess  urn  respectively. 

Hi)  Dividing  by  p  (x  )  is  obviously  only  allowed  if  all  the  ob- 
served  claims  are  possibly  of  ordinary  type.  The  weight  func¬ 
tion  L(xs)  is  then  only  positive  if  p#(xg)  la  positive 
i.e.  if  the  subset  xg  is  possibly  of  excess  type.  Thus  the 
formula  does  what  we  would  have  done  by  intuition  as  well,  it 
excludes  predictions  based  on  claims  which  can  be  surely  re¬ 
cognized  as  excess  claims. 
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5.  Nor*  Insight  from  th*  single  observation  case 


At  this  point  it  is  worthwhile  to  consider  the  special  ease  where 
th*  whole  sample  of  observations  contains  only  one  observation, 
i.e. 

5  -  <*!> 

For  simplicity  we  omit  the  index  1  and  write  x  for  the  single  ob¬ 
servation.  We  have  then 


k«»/J  *  iM  s  [v9’l 


with 


■H  -  « 


P#<*> 

PQ(X) 


The  right  hand  side  is  a  multiple  of  the  likelihood  ratio.  If  the 
latter  is  oonotonically  increasing  (which  is  typically  the  case 
in  applications)  so  is  also  the  weight  given  to  the  constant  es¬ 
timator  Z  £uQ(9)J*  ®0  •  Assume  in  addition  that  Eojv0(*)/xJ 
is  of  linear  form;  then  our  estimator  g(x)  is  a  mixture  of  the 
two  eases  (corresponding  to  the  two  pictures) 


S-  fli  (9),J  ■ 


the  weight  being  shifted  from  the  estimator  on  the  left  to  the 
estimator  on  the  right  as  x  increases.  The  resulting  estimator 
is  almost  of  th*  form  a+b  min(x,M)  .  Bence  credibility  with  trim¬ 
ming  is  almost  exact!  This  fact  will  be  illustrated  by  a  numerical 
example  in  section  6.  Zn  fact  our  numerical  example  will  show  that 
this  fact  also  carries  over  to  higher  dimensions. 


6.  A  Numerical  Example 
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6.1)  For  explicit  calculations  we  are  assuming  that  for  ordinary 
claims 

p0(x/6)  is  a  normal  density  with  mean  9 

variance  v 

9  is  normally  distributed  with  mean  m 

variance  w 


He  then  have 


Po<xsJ 


L 


IT 

i€S 


Po^xi/0 ^ ^  which  turns  out  to  be  a  multi¬ 
dimensional  normal  density  with 
mean  vector 


and  covariance  matrix 


hence 

12)  pQ  <xg) 


/nr  ,-ijs  *ij(xi-"ol(xj-v 

(2.): 'n  3£S 

with  A  ■  J  ^ 


Proof  that  pQ (x^)  has  density  12: 

a)  Given  9  any  linear  combination  £  is  normal  with  mean 

J  c^e  and  variance  £  c^v  .  Integrated  out  with 

rfipect  to  the  normai6Sstructure  function  of  9  we  obtain 
a  normal  distribution  with  mean  £  °imo  variance 

c^*w  +  I  aiv  •  But  a  *««pli€S  xs  whose  linear  combi¬ 
nations  are  normally  distributed  is  multidimensional 


normal 
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b)  tmt  l  •  (o  .) 

v  iJ,i€S 
j€S 

0iJ  -  Cov(Xi,Xj)  -  E^Cov(Xi,Xj)/?|j  +  Var^E[xi/0]  •  e[x 


q.e.d. 

It  should  b«  noted  that 

13)  det  l  «  vn  +  nvn”^w  (subtract  first  row  from  all 

other  rows  and  then  develop 
along  the  first  column) 


Also  observe  the  explicit  form  of 


From  elementary  calculations  in  credibility  theory  we 
finally  also  know  that 


IS)  8/ 

O  Xg 
•  - 


SW  ,  V 

— —  +  m  1  ■- 
V+SW  O  v+sw 


6.2)  For  the  excess  claims  the  probability  law  is  specified  by 
assuming  that 


p  (x)  is  a  normal  density  with  mean  u 

©  © 

variance  a* 
e 


0 


-“v-C*** 
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7.  Numerical  Calculations  of  g(x) 


For 

our  calculations 

we  have 

chosen 

“o 

- 

10 

ue 

- 

50 

V 

■ 

12*5>  V* 

ffe 

■ 

20 

w 

m 

12.5  /  0 

1— ir 

- 

0.9 

* 

- 

0.1 

and 

we 

obtain 

a)  £or_ 

_n»l _ (single 

observation 

case) 

X 

g(x) 

9. 

T.5091 

6. 

8.0068 

T. 

a.J0k9 

6. 

9.0033 

9. 

9.901T 

10. 

10.0000 

u. 

10.k9T9 

la. 

10.9991 

13. 

U.k910 

Ik. 

11.9890 

17. 

13.kT99 

16. 

13.9603 

IT. 

13.kjk8 

IS. 

13.8919 

19. 

lk.urr 

30. 

lk.68T6 

a. 

lk. 9986 

23. 

19.0603 

33. 

lk.89k6 

3k. 

lk.jna 

39. 

13.1968 

26. 

12.1931 

2T. 

U.9069 

38. 

10.8369 

39. 

10.1193 

30. 

10.1993 

31. 

10.0870 

33. 

10.03T0 

33. 

10.0191 

3k. 

10.0099 

39. 

10.0033 

36. 

10.0008 

3T. 

10.0003 

38. 

10.0001 

39. 

10.0000 

ko. 

10.0000 

l,,l*  ftfisp 


— 

I 


b)  for_n;2 _ (two  observations)  g(xlfx2) 


6 

7 

6 

9 

10 

11 

12 

13 

lk 

15 

16 

17 

IS 

19 

20 

21 

22 

23 

2k 

5 

6.66 

7.02 

7.35 

7.68 

8.02 

8.35 

8.68 

9.01 

9.32 

9.61 

9.86 

10.0k 

10.08 

9.92 

9.53 

8.98 

8.  *3 

8.02 

7.76 

7.65 

6 

7.02 

7.35 

7.66 

8.01 

8.35 

8.68 

9.01 

9.33 

9.65 

9.9* 

10.21 

10.  kl 

10.50 

10.  *2 

10.12 

9.62 

9.07 

8.62 

8.32 

8.17 

7 

7.35 

7.66 

8.01 

8.3k 

8.68 

9.01 

9.3* 

9.66 

9.96 

10.28 

10.55 

10.78 

10.92 

10.91 

10.70 

10.27 

9.73 

9.2k 

8.90 

8. TO 

a 

7.66 

6.01 

8.3k 

8.66 

9.01 

9.3* 

9.67 

9.99 

10.31 

10.62 

10.90 

11.15 

11.33 

11. 38 

11.26 

10.92 

10.  *2 

9.90 

9.51 

9.26 

9 

6.02 

8.35 

8.66 

9.01 

9.3k 

9.67 

10.00 

10.32 

10.65 

10.96 

11.25 

11.52 

11.72 

11.83 

11.79 

11.55 

11. U 

10.59 

10.1k 

9.8k 

10 

8.35 

6.68 

9.01 

9.3k 

9.67 

10. 00 

10.33 

10.66 

10.98 

11.30 

11.60 

11.68 

12. U 

12.27 

12.30 

12.15 

11.79 

11.30 

10.81 

10.  kk 

u 

8.66 

9.01 

9.3k 

9.67 

10.00 

10.33 

10.66 

10.99 

11.32 

11.63 

11.9* 

12.23 

12.  *9 

12.69 

12.78 

12.72 

12.  *6 

12.02 

11.51 

11.06 

12 

9.01 

9.33 

9.66 

9.99 

10.32 

10.66 

10.99 

11.32 

11.65 

11.97 

12.29 

12.59 

12.36 

13.09 

13.2k 

13.26 

13.39 

12.73 

12.23 

11.76 

13 

9.32 

9.65 

9.96 

10.31 

10.65 

10.96 

11.32 

11.65 

11.96 

12.30 

12.62 

12.93 

13.22 

13.17 

13.67 

13.75 

13.68 

13. *1 

12.97 

a. *7 

lk 

9.61 

9.9k 

10.28 

10.62 

10.96 

11.30 

11.63 

11.97 

12.30 

12.63 

12.96 

13.27 

13.57 

13.85 

lk.07 

lk.22 

lk.23 

lk.06 

13.69 

13-20 

W 

9.66 

10.21 

10.55 

10.90 

11.25 

11.60 

11.9* 

12.29 

12.62 

12.96 

13.29 

13.61 

13.92 

lk.21 

lk.k6 

lk.65 

lk.7k 

lk.66 

lk.39 

13.23 

16 

10.0k 

10.  kl 

10.78 

11.15 

11.52 

11.86 

12.23 

12.59 

12.93  13.27 

13.61 

13.9* 

lk.26 

lk.56 

lk.83 

15.06 

15.20 

15.21 

15.03 

lk.65 

17 

10.06 

10.50 

10.92 

11.33 

11.72 

12.11 

12.  *9 

12.86 

13.22 

13.57 

13.92 

lk.26 

lk.58 

lk.90 

15.19 

15.  kk 

15.62 

15.70 

15.61 

15.31 

18 

9.92 

10. *2 

10.91 

11.38 

11.83 

12.27 

12.69 

13.09 

13. *7 

13.85 

lk.21 

lk.56 

lk  .90 

15.22 

15.52 

15.79 

16.01 

16.13 

16.12 

15.90 

19 

9.53 

10.12 

10.70 

11.26 

11. '9 

12.30 

12.78 

13.2*  13.67 

lk.07 

lk.k6 

lk.83 

15.19 

15.52 

15.8k 

16.12 

16.36 

16.51 

16. 5k 

16.38 

JO 

8.98 

9.62 

10.27 

10.92 

11.55 

12.15 

12.72 

13.26 

13.75 

lk.22 

lk.65 

15.06 

15. kk 

15.79 

16.12 

16.  *2 

16.66 

16.83 

16.87 

16.73 

21 

8.k3 

9.07 

9.73 

10.  k2 

U.ll 

11.79 

12. *6 

13.09 

13.66 

lk.23 

lk  .7* 

15.20 

15.62 

lfi.01 

16.36 

16.66 

16.91 

17.07 

17.10 

16.9* 

22 

8.02 

8.62 

9.2k 

9.90 

10.59 

11.30 

12.02 

12.73 

13. *1 

lk.06 

lk.66 

15.21 

15.70 

16.13 

16.51 

16.83 

17.07 

17.21 

17.20 

16.27 

23 

7.78 

8.32 

8.90 

9.51 

10.1k 

10.81 

11.51 

12.23 

12.97  13.69 

lk.39 

15.03 

15.61 

16.12 

16.5* 

16.87 

17.10 

17.20 

17.10 

16.76 

2k 

7.65 

8.17 

8.70 

9.26 

9.3k 

10. kk 

11.08 

11.76 

12. *7 

13.20 

13.93 

lk.65 

15.31 

15. 90 

16.38 

16.73 

16. 9k 

16.97 

16.76 

16.28 

c)  for_n-5 _ (five^bservations^ 

g(xlfx2,  C3,C4,CS)  note:  C3,C4,CS  are  chosen  as  "parameters" 

for  the  following  tables 


i)  (C3,C4,CS)  -  (10,10,10) 


• 

.  X. 

5 

6 

7 

8 

9 

10 

11 

12  13  lk  15 

16  17 

18 

19 

20 

21  22 

23  2k 

r 

L 

■N 

i 

5 

8.76 

8.86 

8.98 

9.13 

9-28 

9.k3 

9.56 

9.66  9.71  9.71  9.67 

9.60  9.53 

9.67 

9.*2 

9.39 

9.37  9.36 

9.36  9.35 

> 

6 

8.86 

8.9* 

9.06 

9.20 

9.35 

9.50 

9.62 

9.T1  9.76  9.77  9.73 

9.67  9.60 

9.5* 

9. *9 

9.k6 

9.kk  9. *3 

9. *3  9-*3 

.. , 

7 

8.98 

9.06 

9.17 

9.31 

9.*6 

9.60 

9.72 

9.81  9.86  9.87  9-8* 

9.78  9.71 

9.65 

9.61 

9.58 

9.56  9.55 

9.5k  9.5k 

8 

9.13 

9.20 

9.31 

9«kk 

9.58 

9.72 

9.8k 

9.9*  9.99  10.00  9.97 

9.92  9.85 

9.80 

9.75 

9.72 

9.70  9.69 

9.69  9.69 

. 

9 

9.26 

9.35 

9-k6 

9.58 

9.72 

9.86 

9.98 

10.08  10.1k  10.15  10.13 

10.08  10.01 

9.96 

9.91 

9.88 

9.86  9.85 

9.85  9.8k 

t 

- 

10 

9.k3 

9.50 

9.60 

9.72 

9.86 

10.00 

10.12 

10.22  10.29  10.31  10.28 

10.2k  10.17 

10.12 

10.07 

10.0k 

10.02  10.01 

10.00  10.00 

U 

9.56 

9.62 

9-72 

9.8k 

9.98  19.12 

10.25 

10.36  10. *2  io. *5  10. *3 

10.38  10.32 

10.26 

10.22 

10.18 

10.16  10.15 

10.15  10.1k 

L 

12 

9.66 

9.U 

9.81 

9.9k  10.08 

10.22 

10.36 

10. *6  10.53  10.56  10.55 

10.30  10. kk 

10.38 

10.33 

10.30 

10.28  10.27 

10.26  10.26 

13 

9.71 

9.76 

9.86 

9.99  10.1k 

10.29 

10.  *2 

10.53  10.61  10.6k  10.63 

10.58  10.52 

10.  *6 

10. kl 

10.37 

10.35  10. 3* 

10.33  10.33 

lk 

9.71 

9 .77 

9.87 

10.00 

10.15 

10.31 

10.  *5 

10.56  10.6k  10.67  10.66 

10.61  10.55 

10.  *8 

10. *3 

10. kO 

10.37  10.36 

10.35  10.35 

f 

15 

9.67 

9.73 

9.8k 

9.97  10.13 

10.28 

10. *3 

10.55  10.63  10.66  10.6k 

10.60  10.53 

10 .67 

10. kl 

10.37 

10.35  10.3* 

10.33  10.33 

16 

9.60 

9.67 

9.78 

9.92  10.08 

10.2k 

10.38 

10.50  10.58  10.61  10.60 

10.55  10.  U6 

10. kl 

10.36 

10.32 

10.29  10.28 

10.27  10.27 

;  t 

17 

9.53 

9.60 

9.71 

9.85 

10.01 

10.17 

10.32 

10. kk  10.52  10.55  10.53 

10. k8  10. kl 

10.3* 

10.29 

10.25 

10.22  10.21 

10.20  10.20 

16 

9.k7 

9.5* 

9.65 

9.80 

9.96 

10.12 

10.26 

10.38  10. k6  10. *8  10. kT 

10. *1  10.3* 

10.27 

10.22 

10.18 

10.16  10.1k 

10.1k  10.13 

: ! 

19 

9.k2 

9.k9 

9.61 

9.75 

9.91 

10.07 

10.22 

10.33  10. kl  10. kl  10. kl 

10.36  10.29 

13.22 

10.17 

10.13 

10.10  10.09 

10.09  10.08 

20 

9.39 

9.k6 

9.58 

9.72 

9.88 

10.0k 

10.16 

10.30  10.37  10. kO  10.37 

10.32  10.25 

10.18 

10.13 

10.09 

10.07  10.06 

10.05  10.05 

21 

9.37 

9.kk 

9.56 

9.70 

9.86 

10.02 

10.16 

10.28  10.35  10. 37  10.35 

10.29  10.22 

10.16 

10.10 

10.07 

10.05  10.03 

10.03  10.02 

22 

9.36 

9.k3 

9.55 

9.69 

9.85 

10.01 

10.15 

10.27  10.3k  10.36  10.3* 

10.28  10.21 

10.1k 

10.09 

10.06 

10.03  10.02 

10.02  10.01 

u 

23 

9-36 

9.k3 

9.5k 

9.69 

9.85 

10.00 

10.15 

10.26  10.33  10.35  10.33 

10.27  10.20 

10.1k 

10.09 

10.05 

10.03  10.02 

10.01  10.01 

r 

1  i 

2k 

9.35 

9. *3 

9.5k 

9.69 

9.8k 

10.00 

10.1k 

10.26  10.33  10.35  10.33 

10.27  10.20 

10.13 

10.08 

10.05 

10.02  10.01 

10.01  10.00 

ii)  <C3,C4,C5)  -  (10,10,25) 


N 

■a  5 

6 

T 

8 

9 

10 

U 

12 

13 

Ik 

15 

16 

IT 

18 

19 

20 

a 

22 

23 

2k 

% 

#.39 

a.To 

8.8k 

9.01 

9.18 

9.35 

9.30 

9.61 

9.66 

9.66 

9.62 

9.51 

9.16 

9.39 

9.33 

9.30 

9.2T 

9.26 

9.26 

9.25 

6 

8. TO 

8.80 

8.93 

9.09 

9.26 

9.k3 

9.5T 

9.6T 

9.T3 

9.T3 

9.69 

9.62 

9.5k 

9. IT 

9.H 

9.38 

9.36 

9.35 

9.3k 

9.3k 

T 

8.8k 

8.93 

9.06 

9.22 

9.38 

9.5k 

9.68 

9.T8 

9.8k 

9.83 

9.61 

9.Tk 

9.6T 

9.60 

9.5k 

9.31 

9.19 

9.18 

9. IT 

9.kT 

8 

9.01 

9.09 

9.22 

9.3T 

9.33 

9.68 

9.82 

9.93 

9.99 

10.00 

9.9T 

9.90 

9.83 

9.T6 

9.T1 

9.68 

9.66 

9.63 

9.6k 

9.61 

9 

9.18 

9.26 

9.38 

9.53 

9.69 

9.8k 

9.98 

10.09 

10.16 

10  .IT 

10.13 

10.09 

10.01 

9.95 

9.90 

9.86 

9.86 

9.83 

9.82 

9.82 

10 

9.33 

9.k3 

9. 3k 

9.68 

9.8k 

10.00 

10.1k 

10.26 

10.33 

10.33 

10.33 

10 .2T 

10.20 

10.13 

10.08 

10.03 

10.02 

10.01 

10.01 

10.00 

U 

9.30 

9.3T 

9.68 

9.82 

9.98 

10.1k 

10.29 

10.  kl 

10.  k8 

10.51 

10.19 

10.  kk 

io.  r 

10.30 

10.25 

10.21 

10.19 

10.18 

10.1T 

10. IT 

17 

9.61 

9.6T 

9.T8 

9.93  10.09 

10.26 

10. kl 

10.33 

10.61  10.6k  10.63 

10. 5T 

10.51 

10. kk 

10.38 

10.31 

10.32 

10.31 

10.30 

10.30 

13 

9.66 

9.T3 

9.8k 

9.99 

10.16 

10.33 

10.  US 

10.61 

10  .TO 

10. T3 

10.T2 

10. 6T 

10.60 

10.33 

10. IT 

10.13 

10.10 

10.39 

10.38 

10.3# 

11 

9.66 

9.T3 

9-83 

10.00 

10 .IT  10.33 

10.51 

10.6k 

10. T3 

10. TT 

10  .T5 

10. TO 

10.6] 

10.56 

10.50 

10.16 

10.13 

10.12 

10. kl 

10.11 

1) 

9.62 

9.69 

9.81 

9.9T  10.15 

10.33 

10.k9 

10.63 

10. T2 

10.  T5 

10  .T1 

10.69 

10.61 

10.5k 

10.18 

10.1] 

10.11 

10.39 

10.38 

10.38 

K 

9.3k 

9.62 

9.Tk 

9.90 

10.09 

10.2T 

10.  U 

10.5T 

10.6T 

10.T0 

10.69 

10.63 

10.55 

10. IT 

10.11 

10. 3T 

10.31 

10.33 

10.32 

10.31 

IT 

9.k6 

9.3k 

9.6T 

9.83  10.01 

10.20 

10. 3T 

10.31 

10.60 

10.63  10.61 

10.55 

10.  IT 

10.39 

10.33 

10.29 

10.26 

10.2k 

10.2k 

10.23 

IS 

9.39 

9.kT 

9-60 

9.T6 

9.93 

10.13 

10.30 

10  .U 

10.33  10.36 

10.51 

10. IT 

10.39 

10.32 

10.25 

10.21 

10.18 

10. IT 

10.16 

10.16 

19 

9.33 

9.kl 

9.3* 

9.T1 

9.90 

10 .08 

10.23 

10.38 

10.  kT 

10.50 

10.18 

10.11 

10.33 

10.23 

10.19 

10.15 

10.12 

10.11 

10.10 

10.10 

30 

9.30 

9.38 

9.31 

9.68 

9.86 

10.05 

10.21 

10.3k 

lO.kl  10.16 

10.1] 

io. n 

10.29 

10.21 

10.15 

10.11 

10.08 

10 .0T 

10.06 

10.05 

31 

9.2T 

9.36 

9.k9 

9.66 

9.8k 

10.02 

1C. 19 

10.32 

10.10 

10.1] 

10.11 

10.31 

10.26 

10.18 

10.12 

10.08 

10.05 

10.01 

10.03 

10.03 

23 

9.26 

9.33 

9.k8 

9.65 

9.83 

10.01 

10. l! 

ic.  n 

10.39 

10.12 

10.39 

10.33 

10.21 

10.  IT 

1C. 11 

10. 0T 

10.0k 

10.0] 

10.02 

10.02 

23 

9.26 

9.3k 

9.kT 

9.6k 

9.82 

10.01 

10  .IT 

10.30 

10.38 

10.11 

10.38 

10.32 

10.21 

10.16 

10.10 

10.06 

10.03 

10.02 

10.01 

10.01 

2k 

9.23 

9.3k 

9.kT 

9.6k 

9.82 

10.00 

10.  IT 

10.30 

10.38 

10.11 

10.38 

10.31 

10.23 

10.16 

10.10 

10.03 

10.03 

10.02 

10.01 

10.01 

8.  Optimal  Trimming 

Gisler  has  shown  [1]  that  for  given  M  the  optimal  choice  o i 
the  approximation 

A  n 

u(8)  ■  a  +  b  l  (x.aM)  to  u(9)  and  hence  to  P[x] 
i-i  x  «•  ”  J 


can  be  calculated  as  follows 
bl 


16)  b 


(n-l)b2+b3 


where  bx  ■  Cov  [xxam,  X2] 

b2  -  Cov  [XjAM,  x2^m] 
b3  -  Var  [XxaM] 


17)  a  +  nb  E[XaM]  ■  E[X] 

With  this  optimal  choice  we  then  have 


18)  e  [(»m)  -  U(9))  ‘J 


w  -  n  b*bi 


Bence  the  trimming  point  M  is  optimal  if  b*bx  is  maximum. 


lillkia 


-13- 


In  our  basic  modal  (cf.  faction  2)  wa  find 

19)  bL  -  (1-ir) 1  cov^ujo),  u0(8)J  whare 

uj(9)  -  e[x.m/0#x  ordinary] 

wo(0)  "  E[X/9,X  ordinary  “\ 

b2  -  (1-ir)  *  Var  [u”(9)] 

b3  -  {l-ir)E  ja*M(9)j  +  irc*+  (l-ir)J  Var[u“(9)]  + 

+ir  (1-ir)  eF^i0(9)  -  u^* 

with  a*M(9)  -  var^M/e  x  ordinary] 

°eM  ’  VirH/X  excess] 

u“  ■  E  H/X  «=.»] 

Using  explicitaly  the  normal  distribution  as  assumed  both  for  or¬ 
dinary  and  excess  claims  in  section  6  we  obtain  from  some  rather 
tedious  integrations: 


Let 

and 

20) 


«(.)  denote  the  standardized  normal  distribution  function 
<p(.)  the  standardized  normal  density  function,  then 

,  _ _ _ 

b.  ■  ( 1— IT )  w<#  I  — - - I  ■  /v  +  w' 

1  V  "o  /  0 

bj  »  <!-*>  *COV  j^O^M  ,  OjAmJ 

where  the  covariance  is  obtained  by  numerical  integration. 
Notation:  (U^)  is  N^  ,  {j  with.  I  •  vlw  ) 

b3  »  A  -  B* 


-14- 


Using  the  same  parameter  values  as  in  section  7  we  obtain  the  forecasts 

based  on  optimal  trimming.  Jo  compare  with  g(x)  it  is  worthwhile 

to  calculate  also  a'+  S'  f  (x .^M) 

i-1 


with 


S' 


3  -  iry( 

1  -  X 


b'  - 


1  -  IT 


M 


*2  Raaui  ta  ^  for  ^n^i^gingia^obaaipration,  case) 


Truncation  point 


formula; 


14.68 


£■0 .4412 (xaM) + 9 . 5817  f-0 . 4902 (x*M) +5 . 0908 


11.79 

12.23 

12.67 

13.11 

13.55 

13.99 

14.43 

14.88 

15.32 

15.76 

16.06 

16.06 

16.06 

16.06 

16.06 

16.06 


7.54 

8.03 

8.52 

9.01 

9.50 

9.99 

10.48 

10.97 

11.46 

11.95 

12.29 

12.29 

12.29 

12.29 

12.29 

12.29 


b)  Raaulta  for _ n^2 

truncation  point  M  -  19.52 


b, )  approximation  to  total  premium  Pfxl 

2 

formula:  P  •  0.2289  T  (x4/sm)  +  9.0351 

“  '  i-1 


9  10  U 


13  lk  15  16  IT  IS  19  20  21  a  23  2k 


I  13.61  11. 
.  13.Sk  lk. 
i  Ik.OT  lk. 
'  lk.30  lk. 
I  lk.53  lk. 
I  lk.T<  lk. 
i  ik.99  15. 
i  1S.M  15. 
!  15. kk  ij. 
15. 6T  15. 
15.90  16. 
i  16.13  16. 
i  16.36  16. 
i  16.59  16. 
i  16.82  IT. 
,  16.9k  IT. 

16.9k  IT. 
,  16. 9k  IT. 
.  16.9k  IT. 
.  16. 9k  IT. 


k.OT  lk.30 
k.30  lk.53 
k .53  lk.76 
k.76  lk.99 
•.99  is.a 
5.a  15. kk 
5 .  kk  13.6T 
5.67  15.90 
J.90  16.13 
5.13  16.36 
6.36  16.59 
5.59  16.62 
5.82  IT. 05 
f.05  IT. 26 
M8  IT. 50 
r.39  IT. 62 
r.39  IT .62 
r.39  IT. 62 
r.39  1T.62 

r.39  it. 6a 


16— 


b.,)  approximation  to  ordinary  premium  g(x) 

2 

formula:  $  -  0.2543  l  (x.aH)  +  4.4834 

i-1 


sV  ’ 

6 

7 

8 

9 

10 

U 

12 

13 

lk 

13 

14 

IT 

18 

19 

20 

21 

22 

23 

2k 

J 

7.03 

7.28 

7.53 

7.79 

8.0k 

8.30 

8.55 

8.81 

9.04 

9.32 

9.37 

9.82 

10.08 

10.33 

10.39 

10.72 

10.72 

10.72 

10.72 

10.72 

6 

7.28 

7.33 

7.79 

8.0k 

8.30 

8.55 

8.81 

9.04 

9.32 

9.37 

9-82 

10.08 

10.33 

10.59 

10. Bk 

10.97 

10.97 

10.97 

10.97 

10.97 

7 

T.S3 

7.79 

8.0k 

8.30 

8.55 

8.81 

9.04 

9.32 

9.37 

9.82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.23 

11.23 

U.23 

U.23 

U.23 

a 

T.79 

8.0k 

8.30 

8.35 

8.81 

9.04 

9.32 

9.57 

9-82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.35 

u.ka 

u.ka 

u.ka 

u.ka 

u.ia 

9 

a.oi 

8.30 

8.33 

8.81 

9.04 

9.32 

9.57 

9.82 

10.08 

10.33 

10.59 

10.8k 

11.10 

U.35 

U.60 

U.Tk 

U.Tk 

U.Tk 

U.Tk 

U.Tk 

10 

8.30 

8.53 

8.81 

9.04 

9.32 

9.57 

9.82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.35 

U.60 

U.84 

U.99 

U.99 

U.99 

U.99 

U.99 

u 

8.35 

8.81 

9.0< 

9.32 

9.57 

9.82 

10.08 

10.33 

10.39 

10.8k 

U.10 

U.35 

U.60 

U.84 

12. U 

12.2k 

12.2k 

12.2k 

12.2k 

12.2k 

12 

a.ai 

9.0« 

9.32 

9.57 

9.82 

10.08 

10.33 

10.99 

10.8k 

U.10 

U.35 

U.60 

U.84 

12. U 

12.37 

12.30 

12.30 

12.50 

12.50 

12.50 

13 

9.0< 

9.32 

9.57 

9.82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.33 

U.60 

U.84 

12  .U 

12.37 

12.42 

12.75 

12.T5 

12.75 

12.75 

12.75 

11 

9.32 

9.37 

9.82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.33 

U.60 

U.S6 

12. U 

12.37 

12.62 

12.88 

13.01 

13.01 

13.01 

13.01 

13.01 

13 

9.5T 

9-82 

10.08 

10.33 

10.59 

10.8k 

U.10 

U.35 

U.60 

U.84 

12. U 

1 2.37 

12.62 

12.88 

13.13 

13.26 

13.26 

13.26 

13.26 

13.26 

16 

9.82 

10.08 

10.33 

10.39 

10.8k 

U.10 

U.33 

U.60 

U.84 

12.  U 

12.37 

12.62 

12.88 

13.13 

13.38 

13.52 

13.52 

13.52 

13.52 

13.32 

IT 

10.08 

10.33 

10.59 

10.8k 

11.10 

U.3S 

U.60 

U.84 

12  .U 

12.37 

12.62 

12.88 

13.13 

13.35 

13.6k 

13. 77 

13.77 

13.77 

13.77 

13.77 

ia 

10.33 

10.39 

10.8k 

11.10 

11.35 

U.60 

U.84 

12. U 

12. 37 

12.62 

12.88 

13.13 

13.38 

13.6k 

13.89 

lk.02 

lk.02 

lk.02 

lk.02 

lk.02 

19 

10.59 

10.8k 

11.10 

11.35 

11.40 

U.S4 

12. U 

12.37 

12.62 

12.88 

13.13 

13.38 

13.6k 

13.89 

lk  .15 

lo.28 

lk.28 

lk.28 

lk.28 

lk.28 

» 

10.72 

10.97 

11.23 

U.k8 

U.Tk 

U.99 

12.2k 

12.50 

12.75 

13.01 

13.26 

13.52 

13.77 

lk.02 

lk.28 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

i’i.kl 

21 

10.72 

10.97 

11.23 

U.k8 

11. Tk 

U.99 

12.2k 

12.50 

12.73 

13.01 

13.26 

13.52 

13.77 

lk.02 

lk.28 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

22 

10.72 

10.97 

11.23 

ll.k8 

U.Tk 

U.99 

12.2k 

12.50 

12.73 

13.01 

13.26 

13.52 

13.7? 

lk.02 

lk.28 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

23 

10.72 

10.97 

11.23 

11. 18 

U.Tk 

U.99 

12.2k 

12.50 

12.75 

13.01 

13.26 

13.52 

13.77 

lk.02 

lk.28 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

21 

10.72 

10.97 

11.23 

11. 18 

U.Tk 

U.99 

12.2k 

12.50 

12.75 

13.01 

13.26 

13.32 

13.77 

lk.02 

lk.28 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

lk.kl 

c)  Results  for__n;5 
truncation  point  M  -  22.83 

formulae:  P  «  0.1241  j  (x.aM)  +  7.0561  total  premium 

i-1  1 

5  - 

g  ■  0.1378  £  (x^aM)  +  2.2845  ordinary  premium 


c^)  approximation  to  total  premium  Pfx]  -  P[xx,x2, 

chosen  as  fixed 

i)  (C2#C4«Cj)  •  (10,10,10)  parameter  values 


,V  ’ 

4 

7 

8 

9 

10 

U 

12 

13 

lk 

15 

16 

IT 

18 

19 

20 

21 

22 

23 

2k 

3 

12.02 

12.1k 

12.27 

12.39 

12.52 

12.4k 

12.76 

12.89 

13.01 

13.1k 

13.26 

13.39 

13.51 

13.63 

13.74 

13.88 

lk.Ol' 

lk.13 

lk, 

.23 

lk.23 

6 

12.1k 

12.27 

12.39 

12.32 

12.6k 

12.74 

12.89 

13.01 

13.1k 

13.26 

13.39 

13.51 

13.63 

13.74 

13.88 

lk.Ol 

lk.13 

lk.25 

lk, 

.36 

14.36 

7 

12.27 

12.39 

12.32 

12.6k 

12.74 

12.89 

13.01 

13.1k 

13.26 

13.39 

13.51 

13.63 

13.76 

13.88 

14.01 

lk.13 

lk.25 

ik.38 

lk. 

.48 

14.48 

8 

12.39 

12.52 

12.6k 

12.74 

12.89 

13.01 

13.1k 

13.26 

13.39 

13.51 

13.63 

13.76 

13.88 

lk.tl 

lk.13 

lk.25 

14.38 

lk.50 

14, 

.61 

14.61 

9 

12.52 

12.4k 

12.74 

12.89 

13.01 

13.1k 

13.24 

13.39 

13.51 

13.63 

13. 76 

13.38 

lk.Ol 

lk.13 

lk.25 

14.38 

lk.50 

lk.63 

lk, 

.'3 

14.73 

10 

12.4k 

12.74 

12.89 

13.01 

13.1k 

13.24 

13.39 

13.51 

13.63 

13.76 

13.88 

lk.Ol 

lk.13 

lk.25 

14.38 

lk.50 

14.63 

lk.75 

lk, 

.35 

14.85 

U 

12.74 

12.89 

13.01 

13.1k 

13.24 

13.39 

13.51 

13.63 

13.76 

13.88 

lk.Ol 

lk.13 

lk.25 

14.38 

lk.50 

lk.63 

lk.75 

lk.87 

lk 

.98 

14.98 

12 

12.19 

13.01 

13.1k 

13.24 

13.39 

13.51 

13.63 

13.76 

13.88 

lk.Ol 

lk.13 

14.25 

14.38 

lk.50 

lk.63 

lk.T9 

lk.87 

15-00 

15 

.10 

15. 1C 

13 

13.01 

13.^6 

13.24 

13.39 

13.51 

13.43 

13.76 

13.88 

lk.Ol 

lk.13 

lk.25 

14.38 

14.50 

14.63 

lk.T5 

lk.87 

15.00 

15.12 

15 

.23 

15.23 

lk 

i3.;k 

13.24 

13.39 

13.51 

13.63 

13.76 

13.88 

lk.Ol 

lk.13 

14.25 

lk.38 

11.50 

14.63 

14.75 

lk.8T 

15.00 

15.12 

15.25 

15 

.35 

15.35 

13 

13.24 

13.39 

1J.51 

13.63 

13.76 

13.88 

lk.Ol 

lk.13 

lk.23 

14.38 

lk.5C 

14.63 

lk.75 

lk.87 

15. K 

15.12 

15.25 

15.  r 

15 

.47 

15. 4T 

14 

13.39 

13.31 

13.63 

13.74 

13.88 

lk.Ol 

lk.13 

lk.25 

14.38 

lk.50 

lk.63 

ik.*5 

lk.87 

15.00 

15.12 

15.25 

15.37 

15.  «9 

*#i 

.6: 

15- 6C 

IT 

13.51 

13.63 

13.74 

13.88 

lk.Ol 

lk.13 

lk.23 

Ik.jS 

lk.50 

lk.63 

lk.75 

lk.87 

15.00 

15.12 

15.29 

15.37 

15-49 

15.62 

15, 

.*2 

15.72 

18 

13.43 

13.76 

13.84 

lk.Ol 

lk.13 

lk.25 

lk.38 

lk.30 

lk.63 

lk.75 

lk.87 

15.00 

15.12 

15.25 

15. 37 

15. k9 

15-62 

15.74 

15  ■ 

.55 

15.85 

19 

13.74 

13.88 

lk.Ol 

lk.13 

lk.23 

lk.38 

lk.30 

lk.63 

14.75 

lk.87 

15.00 

15.12 

15.25 

15. 37 

15.49 

15.62 

15.7k 

15.87 

• « 

.?- 

15.97 

20 

13.88 

lk.Ol 

lk.13 

lk.25 

lk.38 

lk.50 

lk.63 

14.75 

lk.87 

15.00 

15.12 

15.25 

15.37 

15.49 

15.62 

15.74 

15.87 

15.99 

16 

.09 

14.09 

21 

U.ei 

lk.13 

lk.25 

lk.38 

14.30 

lk.63 

14.75 

14.87 

15.00 

15.12 

15.25 

15.37 

15.49 

15.62 

15.-4 

15.  ST 

15-99 

16. 12 

16 

.22 

16.22 

22 

lk.13 

lk.25 

lk.38 

lk.3C 

ik.63 

lk.75 

lk.87 

15.00 

15.12 

15.25 

15.37 

15.49 

15.62 

15.  Tk 

15.87 

15.99 

16.12 

16.24 

16 

,  t. 

16.34 

23 

lk.23 

lk.34 

lk.U 

lk.6l 

1-.73 

ik.85 

14.98 

15.10 

13.23 

15.35 

15.47 

15.60 

15.72 

15.85 

15.97 

16.09 

14.22 

16.3k 

16 

■  •5 

16.  «5 

2k 

lk.23 

lk.34 

u.ka 

lk.6l 

ik.Tl 

lk.83 

14.98 

15.10 

15.23 

15.35 

15.47 

15.60 

15.72 

15.85 

15.97 

16.09 

16.22 

16.3k 

16 

.•5 

16.45 

gggS&SKSVSGCSo'.-t.tw.  /  SSatsaCCtJKatCCCS 
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li)  (C3,C4,C5)  -  (10,10,25) 


*t  i  6  T  8  9  10  U  12  13  lk  15  16  IT  18  19  *0  21  22  23  2k 


13,61  13. Tk  13.86  13.96  lk.U  Ik. 23  lk. 36  lk.ki  lk.6l  lk.T3  lk. 83  Ik. 98  13.10  13.23  13.33  13. kT  13.60  13.T2  13.83  13.83 
13. Tk  13.86  13.96  lk.U  lk.23  lk.36  lk.k8  tk.6i  lk.T3  lk.83  lk.96  13.10  13.23  13-33  13. kr  13.60  15. T2  15.83  15-93  13.95 
13.86  13.96  lk.U  lk.23  lk.36  lk.k6  lk.6l  lk.T3  lk.83  lk.96  13.10  13.23  13.35  15. kT  13.60  15.T2  13.85  13.9T  16.07  16.0T 
13.96  lk.U  lk.23  lk.36  lk.k8  lk.il  lk.T3  lk.83  lk.9S  13.10  15.23  13.33  13.kT  15.60  15.T2  13.83  13.9T  16.09  16.20  16.20 
lk.U  lk.23  lk.36  lk.k6  lk.il  lk.T3  lk.83  lk.96  15.10  13.23  15.35  15.kT  15.60  15.T2  15.63  15.9T  16.09  16.22  16.32  16.32 
lk.23  lk.36  lk.k6  lk.il  lk.T3  lk.83  lk.96  15.10  13.23  13.33  13. kT  13.i0  13.T2  13.83  13.9T  16.09  16.22  16. 3k  l6.k3  l6.k5 
lk.36  lk.k6  lk.il  lk.T3  lk.83  lk.96  13.10  15.23  15.33  15. kT  13.60  15. T2  13.83  13.9T  16.09  16.22  16.3k  l6.kT  16.5T  16. 5T 
lk.k6  lk.il  lk.T3  lk.83  lk.96  13.10  13.23  13.33  13. kT  13.i0  13. T2  15.83  13.9T  16.09  16.22  16.3k  li.kT  16.59  16.69  16-69 
lk.il  lk.T3  lk.83  lk.96  13.10  15.23  13.33  lS.kT  13.60  15. T2  15.83  13.9T  16.09  16.22  16.3k  l6.kT  16.39  16.T1  16.82  16.82 
lk.T3  lk.83  lk.96  15.10  13.23  15.35  13.kT  15.60  1S.T2  13.83  13.9T  16.09  16.22  16.3k  li.kT  16.39  16.T1  16.8k  16.9k  16.9k 
lk.83  lk.96  15.10  13.23  13.35  15. kT  15.60  15.T2  13.83  13.9T  li.09  16.22  li.3k  l6.kT  16.39  16. T1  li.Sk  16.96  1T.0T  1T.0T 
lk.96  13.10  13.23  15.33  15.kT  15.60  15.T2  15.85  15.9T  16.39  li.22  16. 3k  16. kT  16.59  16.T1  16.8k  16.96  1T.09  IT. 19  1T.19 
15.10  15.23  15.35  13. kT  15.60  15.72  15.83  15.9T  16.09  16.22  16.3k  li.kT  16.59  li.TX  16.8k  16.96  1T.09  1T.21  IT. 31  IT. 31 
13.23  15.33  13. kT  15.60  15.T2  13.83  15.9T  16.09  16.22  16.3k  li.kT  li.59  16.T1  16.8k  16.96  1T.09  1T-21  IT. 3k  lT.kk  lT.kk 
13.33  13.k7  13.60  15.T2  13.83  13.9T  16.09  16.22  16.3k  li.kT  li.39  li.Tl  li.Sk  16.96  1T.09  IT. 21  IT. 3k  lT.ki  IT. 56  1T.56 
15. kT  15.60  15.T2  15.83  15.9T  16.09  16.22  16.3k  li.kT  li.59  li.Tl  li.Sk  16.96  1T.09  1T.21  IT. 3k  lT.ki  1T.56  1T.69  IT. 69 
13.60  15.T2  13.83  15.9T  16.09  16.22  16. 3*  li.kT  16.39  16.T1  16.8k  16.96  1T.09  1T.21  IT. 3k  lT.ki  IT. 58  1T.T1  1T.81  1T.81 
13.T2  15.83  15.9T  16.09  li.22  li.3k  li.kT  16.59  16.T1  li.Sk  li.9i  IT .09  IT.21  lT.3k  lT.k6  IT.58  1T.T1  IT.83  IT.93  1T.93 
13.83  15.93  16.OT  16.20  16.32  Ii.k3  16. 5T  16.69  16.82  li.9k  1T.0T  17.19  17.31  lT.kk  IT. 56  1T.69  IT. 81  17.93  18.0k  lS.Ck 
13.83  15.93  16.07  16.20  16.32  li.k3  16.57  16.69  16.82  16.9k  1T.0T  1T.19  IT. 31  lT.kk  17.36  1T.69  IT. 81  1T.93  iS.Ok  18.0k 


Cj)  approximation  to  ordinary  premium  g(x)  -  gtx^x^  C^C^Cj) 
i)  (C3/C4,C5)  -  (10,10,10) 


chosen  as  fixed 
parameters 


2  » 

6 

T 

8 

9 

10 

U 

12 

13 

lk 

15 

16 

IT 

18 

19 

20 

n 

22 

23 

2k 

T.80 

T.93 

8.0T 

4.21 

8.33 

S.k9 

8.62 

S.T6 

8.90 

9.0k 

9- IT 

9.31 

9.k5 

9.39 

9.T3 

9.86 

10.00 

10.1k 

10.23 

10.23 

T.93 

9.07 

5.21 

8.33 

8.k9 

8.62 

8.76 

8.90 

9.0k 

9.17 

9.31 

9.k3 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

10.39 

10.39 

8.0T 

8.21 

8.35 

S.k9 

8.62 

8.76 

8.90 

9.0k 

9. IT 

9.31 

9.k5 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.33 

10.53 

8.21 

8.33 

8.k9 

8.62 

8.76 

8.90 

9.0k 

9. IT 

9.31 

9.k5 

9.59 

2.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10 .6T 

10. 6T 

6.33 

S.k9 

8.62 

8.T6 

8.9C 

9.0k 

9. IT 

9.31 

9.k5 

9.59 

9. 73 

9.86 

io.oo 

10.1k 

10.28 

lO.kl 

10.53 

10.69 

10.80 

10.80 

8.k9 

8.62 

8.T6 

8.90 

9.0k 

9.1T 

9.31 

9.k3 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.35 

10.69 

10.83 

10.9k 

10.9k 

8.62 

a.Ti 

8.90 

9.0k 

9. IT 

9.31 

9.k3 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10 .28 

lO.kl 

10-33 

10.69 

10.83 

10.9T 

U.08 

U.08 

8.T6 

8.90 

9.0k 

9. IT 

9.31 

9.k5 

9.39 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.53 

10.69 

10.83 

10.9T 

U.10 

U.22 

U.22 

8.90 

9.0k 

9. IT 

9.31 

9.k5 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.69 

10.83 

10.9T 

U.10 

U.2k 

U.36 

U.36 

9.0k 

9. IT 

9.31 

9>3 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.69 

10.83 

10.9T 

U.10 

U.2k 

U.38 

U.k9 

U.k9 

9.1T 

9.31 

3.k5 

9.39 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.69 

10.83 

10. 9T 

U.10 

U.2k 

U.38 

U.52 

U.63 

U.63 

9.31 

9.k3 

9.39 

9.T3 

9.86 

10.00 

10.1k  10,28 

lO.kl 

10.55 

10.69 

10.83 

IC.9T 

U.10 

U.2k 

U.38 

U.32 

U.65 

U.TT 

U.TT 

9.k5 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.69 

10.83 

10 .97 

U.1C 

U.2k 

U.38 

U.32 

U.65 

U.T9 

U.91 

U.91 

9.59 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.53 

10.69 

10.83 

10.97 

11. 1C 

U.2k 

U.38 

U.52 

U.65 

U.T9 

U.93 

12.04 

U  .Ok 

9.T3 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

13.35 

13.69 

10.83 

10. 9T 

U.10 

U.2k 

U.38 

U.32 

U.65 

U.T9 

U.33 

12.07 

U.18 

U.18 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.i9 

1C  .83 

10. 9T 

U.10 

U.2k 

11-38 

U.52 

U.63 

U.T9 

U.93 

12.07 

12.21 

U.32 

U.32 

10.00  10.1k  10.28  lO.kl  10.35  10.69  10.83  1S.9T  U.10  U.2k  U.3«  U.52  U.i5  U.T9  U.93  12. OT  12.a  12.3k  12.ki  U.ki 

10.1k  10.28  lO.kl  10.33  10.69  10.83  10.9T  U.10  U.2k  U.38  U.52  U.i3  U.T9  U.J3  12. OT  12.21  12.3k  12. k8  12.60  12.6c 

23  10.23  10.39  10.33  10.iT  10.80  10.9k  U.08  U.22  U.36  U.k9  U.63  U.TT  U.91  12.0k  U.18  12.32  12.ki  12.60  U.T1  12. *1 

2k  10.23  10.39  10.33  10 .67  10.80  10.9k  U.08  U.22  U.36  U.k9  U.63  U.TT  U.91  12.0k  12.18  12.32  12. ki  12.60  12. T1  12. T1 


...  -  ,i»i  n«n 
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li)  (C3,C4,C5)  -  (10,10,25) 


h\ 

*2  5 

8 

T 

8 

9 

10 

u 

12 

13 

lk 

15 

16 

IT 

18 

19 

20 

a 

a 

23 

26 

» 

9.58 

9. TO 

9.8k 

9.98 

10.12 

10.25 

10.19 

10.53 

10.6T 

10.80 

10.9k 

U.06 

U.22 

U.* 

U.k9 

U.63 

u.rr 

U.91 

12.02 

12.02 

( 

9.T0 

9.8k 

9.98 

10.12 

10.25 

10.19 

10.51 

10.6T 

10.80 

10.9k 

11.08 

U.22 

U.* 

U.k9 

U.6] 

u.rr 

U.91 

12.06 

12.16 

12.16 

T 

9.8k 

9.98 

14.12 

10.25 

10.19 

10.51 

10. 6T 

10.80 

10.9k 

11.08 

11.22 

U.* 

U.k9 

U.63 

u.rr 

U.91 

12.06 

12.18 

12.* 

12.* 

• 

9.98 

10.12 

10.25 

10.19 

10.51 

10.6T 

10.80 

10.9k 

11.08 

11.22 

11.* 

U.k9 

U.6) 

u.rr 

U.91 

12.0k 

12.18 

12. U 

12.6) 

12.6) 

9 

10.12 

10.2S 

10.19 

10.51 

10.6T 

10.80 

10.9k 

11.08 

11.22 

U.* 

U.k9 

U.63 

u.rr 

U.91 

12.0k 

12.18 

12.* 

12.66 

12.5T 

12. 5T 

10 

10 .25 

10. » 

10.51 

10.6T 

10.80 

10.9k 

11.08 

11.22 

11.* 

U.k9 

11.6] 

u.rr 

U.91 

12.0k 

12.18 

12.  * 

12.66 

12.60 

12.T1 

12.T1 

11 

10.19 

10.51 

10. 6T 

10.80 

10.9k 

11.08 

11.22 

U.* 

U.k9 

11.63 

u.rr 

U.91 

12.0k 

12.18 

12.  * 

11.66 

12.60 

12  .T3 

12.85 

12.85 

13 

10.11 

10.8T 

10.80 

10.9k 

11.08 

11.22 

11.* 

11. k9 

11.6) 

u.rr 

U.91 

12.0k 

12.18 

12.* 

12.66 

12.60 

12.T3 

12.  ST 

12.99 

12.99 

U 

10.8T 

10.80 

10.9k 

11.08 

11.22 

U.* 

U.k9 

U.61 

u.rr 

11.91 

12.0k 

12.18 

12.32 

12.k6 

12.60 

12.  T3 

12. st 

13. Cl 

11.12 

13.12 

lk 

10.80 

10.9k 

11.08 

11.22 

U.* 

U.k9 

11.6] 

11. TT 

11.91 

12.0k 

12.18 

12.12 

12.  k6 

12.60 

12. T3 

12.ST 

13.01 

13.15 

13.26 

13.26 

IS 

10.9k 

11.08 

11.22 

11.* 

U.k9 

11.61 

11.  TT 

11.91 

12.0k 

12.18 

12.32 

12. k6 

12.60 

12.T3 

12. st 

13.01 

11.15 

13.29 

13.60 

13.60 

16 

11.08 

11.22 

11.* 

U.k9 

U.6l 

11. TT 

11.91 

12.0k 

12.18 

12.12 

12.  U6 

12.60 

12.T3 

12.8T 

13.01 

13.15 

13.29 

13.62 

13. )k 

13.5k 

IT 

11.22 

11.* 

U.k9 

11.61 

li.rr 

11.91 

12.0k 

12.18 

12.12 

12.  k6 

12.6a 

12. T3 

12. 8T 

13.01 

13.15 

13.29 

13.62 

13.56 

13.68 

13.68 

18 

11.* 

U.k9 

11.61 

11. TT 

11.91 

12.0k 

12.18 

12.32 

12.  k6 

12.60 

12. T3 

12. 8T 

11.01 

13.15 

13.29 

13.k2 

13.* 

i3.ro 

13.81 

13.81 

19 

U.k9 

11.81 

11. TT 

11.91 

12.0k 

12.18 

12.32 

12.  k6 

12.60 

12.T3 

12.  ST 

13.01 

11.15 

13.29 

13.62 

13.56 

13. TO 

13.8k 

13.95 

13.95 

20 

11.81 

11. TT 

11.91 

12.0k 

12.18 

12.32 

12. k6 

12.60 

12. T] 

12.8T 

13.01 

11.15 

13.29 

13. 62 

13.56 

13. TO 

13.8k 

13.  »r 

16.09 

16.09 

a 

11. TT 

11.91 

12.0k 

12.18 

12.12 

12.k6 

12.60 

12. T3 

12.ST 

13.01 

13.15 

13.29 

13.k2 

1156 

13. TO 

13.8k 

13.9T 

Ik.U 

16.23 

16.23 

22 

11.91 

12.0k 

12.18 

12.12 

12.k6 

12.60 

12.T1 

12.  ST 

13.01 

11.15 

13.29 

13.k2 

13.56 

13. rj 

13.8k 

13. 9T 

Ik.U 

16.25 

16.* 

16.* 

2) 

12.02 

12.16 

12.* 

12.kl 

12.  JT 

i2.n 

12.85 

12.99 

13.12 

13.26 

13. kC 

13.5k 

13.68 

13.81 

13.95 

16.09 

16.23 

11.* 

16.66 

16.68 

2k 

12.02 

12.16 

12. » 

12.k] 

12.5T 

12.T1 

12.85 

12.99 

13.12 

13.26 

13.  kC 

11.5k 

13.68 

13.81 

13.95 

16.09 

16.23 

16.* 

16.68 

16.68 

10.  Final  Remarks 


The  Data  Trimmed  Credibility  Formulae  seem  quite  appropriate  for 
Experience  Rating  In  the  presence  of  catastrophic  (or  as  called 
In  this  paper  excess)  claims.  With  this  intuitive  background  in 
our  minds  we  have  In  our  explicit  calculations  been  looking  at 
deviations  from  ordinary  claims  towards  the  higher  side  only.  Ob¬ 
viously  the  normal  distribution  being  symmetric  one  could  also  ob¬ 
serve  "outliers"  to  ordinary  claims  towards  the  lower  side  hence 
leading  to  a  truncation  at  the  lower  end  as  well.  But  of  course 
our  assumption  of  normally  distributed  claims  should  only  be  seen 
as  an  approximation  to  the  real  world,  and  it  is  our  feeling  that 
the  approximation  is  particularly  bad  at  the  lower  tall  of  the 
distribution . 

In  any  case  truncation  at  the  upper  end  of  the  distribution  is  In¬ 
troducing  an  additional  parameter  Into  the  credibility  formulae 
and  we  hope  to  have  demonstrated  in  this  paper  that  the  labour 
caused  by  the  new  parameter  can  be  worthwhile  Indeed. 


-19- 


\ 

i 


11.  Bibliography 


Optlmales  Stutzan  von  Beobachtungen  im 
Credibility  Modell  (ETH  Thesis  1980) 

Optimum  Trimming  of  Data  in  the  Credibility 
Model  BAS  A  1980  (Vi 


12.  Appendix 


[1]  A.  Gisler 

see  also  A.  Gisler 


For  the  interested  reader  we  are  attaching  the  explicit  calcula¬ 
tions  leading  to  formulae  19)  and  20). 
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A:  Calculations  leading  to  forstula  19) 

bL  «  e[cov[XjAM,  x2/0]]  +  cov[e[x1am/9],  e[x2/0]] 

Cov[XjAM,  X2^g ]  ■  0,  because  X^,  x2  are  conditionally  independent 

Hence 

bx  -  Cov[  (1-ir)  Ug(9)+irv“  ,  (l-ff)uo(8)  +  irua]  ,  or 


and  analogously  (with  X^M  instead  of  X2) 
b,  -  (1— ir)  2  Var  [u?(9)  ]  . 

i _ 0 _ 

Let  be  Y  »  1A  where  A  denotes  the  event  (X  is  ordinary}.  Then 
Var(XAM/0]  -  E[var[XAM/9,y]]  ♦  Var[E[XAM/0 , y ] ] 

-  (l-ir)oJM(8)  +  iroj14  +  ir(l-ir)  (u“(0)  -  )  * 

Hence 

b3  ■  Var(XAM] 

-  E[var[JL\M/0]]  +  Var(  (l-ir)u“(0)  +  yJJ]  ,  or 
b3  -  (1-w)  E(o*M(8)]  +  irc*M  +  ir(l-Tf)  E[  (y*(8) -ujj)  * ]+(!-*)  Var  u“(0) ] 
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B:  Calculations  leading  to  formula  20) 


i)  Preparations 


In  the  following  we  put  r-Zv*  ,  s«/5T  and  aQ»/v+w'  »Vr*+  s2'. 
Furthermore  we  denote  by  4(x)  the  standardized  normal  dis¬ 
tribution  function  and  by  <p(x)  the  standardized  normal  den¬ 
sity  function. 

By  convolution  we  get 


-•(■$?) 


Noting  that  «' (x)  «  -x  «(x)  integration  by  parts  gives 

/  (mu)  .  (fa)  <u  -  -  £  2  *  (¥)  •  0?)  *■ 


and  thus 


2- (*5*)  •(“?)*■- «♦  teH-fe) 

Because  of  «  •  (^jr)  ”  «p  ("^i)  • 

where  u  -  g,P  U?«  and  g  .  « 


ra+  s* 


we  obtain 


2  ”  •  (!?£) dx  *  •  (^f )  •  * 

2  0s?)  •(■?)--•  0?) 


v  •  a 


3  • (ul  +  3*) 


Integration  by  parts  gives 


ii) 
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l  X(X-U,  .  (z?)  .  (ha)  d.  -  .‘2  .  («)  .  («)  dx 

-t/  -  (*?)  • (“)  - 


and  thus  using  the  above  formulae 


2  **^s?i)*0r5)dx  "  S(wl+8*)4(^j“(^)  <2r2u+<M+»>s2>*(i^) 


actual  calculations 


ao(9)  “  J*  f  ®  (*=*)  dx  +  M  •  Pr[X  2  m/q] 

-  “  r«P  (^)  ♦  9  PrtX  *  M/0]  +  m  Pr[X  2  M/0] 

-  M  +  (0-MH  (&i).  r.(*=£) 


U0(8)  -  9 

Applying  the  formulae  derived  in  i)  we  get  by  straightforward 
calculations 


stujml  -  2  (nr^)  « 


/K-m 

-  M  -  (M-m0)«  f  -J-S 


E[0-w”(0)l  -  MbJq  +  (s2+o*-  Mn^)* 
Hence 


ra-wpf) 


cov[u“(0),uo(0) ]  -  E[0*u“<0) ]  -  ECu“(0) ]  -  s2*  (  H-2S 
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|b]_  -  (1-1T)1  W*  (  ~ 


As  CovfXjAM,  X2aM /Xl/x2  ordinary  ] 

-  CovCOj^M,  U2aM] 

-  ElCovtU^M,  02aM/q]]  +  CovtEtUjAM/g],  E[U2aM/q]] 


Var[y”(0)I  ,  we  conclude  from  19) 


b2*  { 1— it)  1  Cov[OjAM»  Oj^M] 


To  obtain  a  closed  formula  for  b,,  observe 


J  x(x-y)  i 


<p(x-y)dx  ■  -  xocp 


(*?)  L  ♦  ■  2  •  fe2) 


-  -  oh.  (*2)  *  <J*«  (!t“) 

J  xl  ^  <p(x-u)dx  -  -  c(M+y)  (p  +  (y^+o1)* 

According  to  1)  the  density  function  of  X  is 

f(x)  *  J " (l-ir)pQ(x^e)  dU(0)  +  irpa(x)  *  (l-ir)p0(x)  +  irpe(x) 

with  (see  6.1  and  6.2) 

v-i-C?) 


E[<XaM)*]  -  (1-ir) 


/  M-m  \  /  M-m i  \ 

+  O  *  t  “T —  j  “  <*n  (M+n i  )  <p  — — ) 

°  V  5o  I  0  °  V  ffe  / 


IT  |(w*  +  a*)*  J  -  ae(M+ue)<P  (^—  j  j 

f-a-’  ‘C?) -'•(?)} 


/  J 


Th«  same  calculations  as  at  the  beginning  of  ii)  leading  to 
the  formula  for  y” ( 9 )  jure  repeated  to  obtain  E[XaM]  ,  of 
course  with  different  parameter  values.  From  this  calculation 
we  obtain 


E[XaM]  -  m  +  (1-ff)  |(mo-M)*  ’ 

*  »  {(».-«♦  (^)  -  V  (^)  } 


(fe  can  now,  finally,  write 


■  Var[XAM]  -  A  -  B* 


